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Using new experimental measurements of photoassociation resonances near the 1S0 → 3P1 intercombination
transition in 84Sr and 86Sr, we present an updated study into the mass-scaling behavior of bosonic strontium
dimers. A previous mass-scaling model [Borkowski et al., Phys. Rev. A 90, 032713 (2014)] was able to in-
corporate a large number of photoassociation resonances for 88Sr, but at the time only a handful of resonances
close to the dissociation limit were known for 84Sr and 86Sr. In this work, we perform a more thorough mea-
surement of 84Sr and 86Sr bound states, identifying multiple new resonances at deeper binding energies out to
E/h = −5 GHz. We also identify several previously measured resonances that cannot be experimentally repro-
duced and provide alternative binding energies instead. With this improved spectrum, we develop a mass-scaled
model that reproduces the observed binding energies of 86Sr and 88Sr to within 1 MHz. In order to accurately
reproduce the deeper bound states, our model includes a second 1u channel and more faithfully reproduces the
depth of the potential. As determined by the previous mass-scaling study, 84Sr 0+u levels are strongly perturbed
by the avoided crossing between the 1S0 + 3P1 0+u (
3Πu) and 1S0 + 1D2 0+u (
1Σ+u ) potential curves and there-
fore are not included in this mass-scaled model, but are accurately reproduced using an isotope-specific model
with slightly different quantum defect parameters. In addition, the optical lengths of the 84Sr 0+u , ν = −2 to
ν = −5 states are measured and compared to numerical estimates to characterize their use as optical Feshbach
resonances.
I. INTRODUCTION
Photoassociation is a process that couples two colliding
ground-state atoms to a weakly-bound molecular state corre-
sponding to one excited and one ground state atom [1]. The
process of measuring these bound states, known as photoas-
sociation spectroscopy (PAS), can be used to probe the shape
of the excited state molecular potential. Recently, PAS stud-
ies relative to the narrow 1S0 → 3P1 transition in alkaline-
earth (like) atoms such as strontium, ytterbium, and calcium
have been performed to measure these lines with precisions
of . 10 kHz [2–4]. Previous narrow line photoassociation
spectroscopy (PAS) has been performed in 88Sr [5, 6], 86Sr
[7], and in 84Sr [2]. In addition, two-color photoassociation
in 88Sr was used to calculate the scattering lengths of all the
strontium isotopes [8] and several subradiant 1g states have
been probed in 88Sr [9]. The ground [10, 11] and excited [12]
state molecular potentials have also been explored by Fourier
transform spectroscopy.
In addition to probing the shapes of the molecular poten-
tials, photoassociation efforts are motivated by interest in cre-
ating ground-state molecules. Ground state molecules have
been proposed as a platform for precision measurements to
study the time-variation of the proton-electron mass ratio
[13, 14], and the fine-structure constant [15]. The production
of ground state molecules has been demonstrated by decay
from excited-molecular states in 88Sr [16] and by using stim-
ulated Raman adiabatic passage (STIRAP) in 84Sr [2, 17, 18].
In particular, the technique in Ref. [18] may offer a path to-
wards creating a molecular Bose-Einstein condensate (BEC).
Another motivation for studying narrow-line photoassoci-
ation resonances stems from the prospect of using them as
optical Feshbach resonances (OFRs) to tune the s-wave scat-
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tering length of ground-state atoms [5, 19–21]. The applica-
tion of OFRs to strontium and other alkaline-earth elements
is particularly interesting because the spinless ground-state
of the bosonic isotopes precludes the use of magnetic Fesh-
bach resonances. In addition, OFRs offer the possibility of
controlling atomic interactions with increased temporal and
spatial resolution compared to magnetic resonances. OFRs
were first demonstrated in alkali atomic systems, but their
utility has been limited by the fact that significant scattering-
length modification is accompanied by very rapid atom loss
[22, 23]. Early theoretical work suggested that the atomic loss
could be reduced by using the narrow intercombination tran-
sitions of alkaline-earth atoms [24]. In particular, there was
hope that this technique could be applied to 88Sr, which is the
most abundant isotope of strontium but whose nearly vanish-
ing scattering length of −1.4 a0 [8], where a0 = 0.0529 nm is
the Bohr radius, prevents evaporative cooling from being ef-
fective. Two groups successfully used an OFR to modify the
scattering length of 88Sr; however these results were accom-
panied by rapid atom loss, limiting the experimental lifetime
to the order of a few ms or less [25, 26]. Nevertheless, OFRs
may still prove to be useful in other situations or systems. For
example, OFRs were used to modify the scattering lengths
of 176Yb and 172Yb by more than 200 a0 with minimal loss
[27]. At low energies, the behavior of an OFR is character-
ized by a parameter known as the optical length, which can
be determined by measuring the atomic loss rate as a function
of photoassociation laser intensity [24]. These line strengths
have been measured for prominent resonances in 88Sr [5, 25]
and 86Sr [7], but not, prior to this work, for 84Sr.
In Ref. [7], Borkowski et al. adjusted ab initio potentials
from Ref. [28] to reproduce the known photoassociation res-
onances of the bosonic strontium isotopes. They developed
independent potentials for each isotope (see [7] Sec. III) that,
although mostly identical, included a couple fitting parame-
ters that were tuned to the spectrum of each isotope. These
potentials replicated most of the known lines, but also pointed
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2to some open questions. Though the binding energy spectrum
of 88Sr was well measured with 11 known lines of both 0+u and
1u symmetry in the Hund’s case (c) representation, they only
had four resonances each for 84Sr and 86Sr. Their model only
included one 86Sr 1u resonance, did not consider any 84Sr lines
with 1u symmetry, and did not reproduce one of the observed
84Sr 0+u lines.
In addition, Borkowski et al. constructed a mass-scaled
model for the three bosonic isotopes [7]. A mass-scaled model
consists of a single set of potentials that recreates the photoas-
sociation spectra of all the bosonic isotopes of strontium si-
multaneously while only varying the molecular reduced mass
of each isotope. Interestingly, in developing their model,
Borkowski et al. discovered that they needed to include the
1S0 + 1D2 0+u (
1Σ+u ) potential, which has an avoided crossing
with the 1S0 + 3P1 0+u (
3Πu) potential at short range. This
perturbing state was measured by Stein et al. [12] and theo-
retically described by Skomorowski et al. [28]. However, as
Borkowski et al. pointed out, this mass-scaled, multi-channel
model was insufficiently constrained given the known reso-
nances in 84Sr and 86Sr.
In this work, we clear up these issues by measuring ad-
ditional resonances in 84Sr and 86Sr and by developing an
updated theoretical model. The paper is organized as fol-
lows. First, we describe the general experimental procedure
in Sec. II. Next, Sec. III discusses the measurement of pho-
toassociation resonances in 84Sr and 86Sr down to binding
energies of ' −5 GHz, bringing the total number of known
resonances up to seven for both 84Sr and 86Sr. In measur-
ing the new lines, we discovered that some of the previously
measured resonance positions could not be reproduced and
measured new locations for those resonances. With these new
spectra we build theoretical models that reproduces the known
spectrum to better than 1 MHz in Sec. IV. Our mass-scaled
model reproduces the known binding energies for the 86Sr and
88Sr isotopes spanning many GHz and includes lines with both
0+u and 1u symmetry. Due to the avoided crossing with the
1S0 + 1D2 1Σ+u potential, the
84Sr spectrum is highly perturbed,
and therefore we treat this isotope as a special case with inde-
pendent quantum-defect parameters. In Sec. V, we describe
how the behavior of an OFR is characterized by the optical
length and the measurement of these parameters for multiple
84Sr 0+u lines. Finally, we conclude in Sec. VI and discuss
potential applications of this work.
II. EXPERIMENTAL PROCEDURE
Our cooling procedure is similar to those used in other ul-
tracold strontium gas experiments [2, 7, 29]. For more de-
tails on our apparatus see Refs. [30, 31]. We use a Zeeman
slower and 3D magneto-optical-trap (MOT) operating on the
1S0 → 1P1 transition to slow and capture atoms from a hot
atomic beam. After a few seconds of loading, the atoms are
cooled to ≈ 1 mK and transferred to a secondary MOT oper-
ating on the narrow (Γ = 2pi × 7.5 kHz) 1S0 → 3P1 transition
at 689 nm. We compress and cool the atoms in the secondary
MOT to ≈ 1 µK before loading them into an optical dipole
trap (ODT) at 1064 nm.
After loading into the dipole trap, our experimental proce-
dure is slightly different depending on the isotope. The large
s-wave scattering length of 823 a0 for 86Sr [8] causes these
samples to suffer from rapid three-body losses at large densi-
ties [32, 33]. Therefore, we perform photoassociation of 86Sr
in a thermal gas as opposed to a BEC to maintain favorable
signal-to-noise ratios from larger atom numbers. We use a
single-beam dipole trap consisting of a pancake-shaped beam
propagating the horizontal plane with a vertical (horizontal)
1/e2 waist of 22.8 µm (228 µm). After evaporating for 1.0 s
to a trap depth, U/kB, of approximately 2.5 µK, we produce
a sample consisting of ' 106 atoms at a temperature of about
150 nK and peak density of ' 2 × 1012 cm−3.
The 84Sr isotope can be readily evaporated to degeneracy
[34–36], so we perform photoassociation of this isotope in
a BEC. We can then ignore thermal lineshape effects [37]
and the large density enhances the photoassociation signal.
Our dipole trap for 84Sr includes a vertical beam with a 1/e2
waist of 72 µm in addition to the horizontal beam mentioned
above. After approximately two seconds of evaporation, we
create a nearly pure Bose-Einstein condensate with approxi-
mately 105 atoms. Typical trap frequencies after evaporation
are {ωx, ωy, ωz} = 2pi × {40, 40, 140} Hz and the BEC has a
chemical potential, µ/h, of about 1 kHz. The peak density is
about 1014 cm−3 and the final trap depth is ' 2.5 µK.
The photoassociation laser is referenced to a master laser
operating near the 689 nm intercombination transition. We
stabilize the master with a Pound-Drever-Hall lock to a very
high finesse (F > 200 000) cavity made from Ultra-Low-
Expansion (ULE) glass. The cavity is operated in a temper-
ature stabilized vacuum chamber in order to minimize ther-
mal and pressure drifts. The linewidth of the master laser is
≤ 200 Hz, as determined by measuring the joint linewidth of
the master with an independent laser locked to a separate, sim-
ilar cavity. We measured the long term drift of the cavity to be
' 28 mHz/s by monitoring the 1S0 → 3P1 transition frequency
over several months. The photoassociation laser is stabilized
relative to the master by an optical phase-locked loop (OPLL)
[38]. This locking method gives us a great deal of flexibility,
since we can vary the detuning of the PAS laser with respect
to the atomic resonance over many GHz simply by changing
the reference frequency supplied to the OPLL. The PAS laser
light is delivered to the experiment by a single-mode optical
fiber and has a 1/e2 waist of 1.63 mm at the location of the
atomic sample. We stabilize the PAS intensity via feedback to
an acousto-optic modulator (AOM). Frequency scans were ei-
ther performed at zero magnetic field or with a small bias field
of 20 µT (200 mG) parallel to the polarization of the photoas-
sociation laser.
In order to avoid AC Stark shifts from the 1064 nm trapping
beams, we turn on and off the dipole traps with a 50 % duty
cycle and period of 500 µs so that we can apply the PAS laser
while the 1064 nm beams are off. We vary the total amount of
time the PAS laser is on from 10 ms to 500 ms in order to limit
the maximum photoassociation atom number loss to ≈ 50 %
for the intensity and resonance under investigation. For the
results in Sec. III, we use a single intensity for each resonance
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FIG. 1: (Color online) Photoassociation resonances for all 86Sr (top, blue) and 84Sr (bottom, red) features measured as a
function of detuning. The solid lines are Lorentzian fits to the data and the horizontal scale is consistent for all plots. The
vertical scale of each scan is normalized to the expected atom number far from resonance extracted from the Lorentzian fit. The
scans on the far right are the atomic 1S0 → 3P1 transition used to calibrate the absolute detuning. The photoassociation laser
intensity and total pulse duration is indicated above each scan.
as indicated in Fig. 1, whereas for the optical length measure-
ments in Sec. V, we repeat the procedure with five different in-
tensities for each resonance. After applying the PAS laser, we
measure the remaining number of atoms by absorption imag-
ing using a 10 µs pulse from a laser beam resonant with the
1S0 → 1P1 transition. To avoid systematic errors we limit the
maximum optical depths of our 84Sr BEC samples to ≤ 2.0 by
allowing the condensates to expand for 25 ms before imaging.
We image our thermal 86Sr samples after an expansion time of
12 ms.
III. MEASURED BINDING ENERGY SPECTRUM
A. Method and Uncertainties
We measured the binding energies of seven photoassocia-
tion resonances each for 84Sr and 86Sr. To determine these
binding energies, we monitor atom number as the detuning of
the PAS laser is varied. In the vicinity of a 1S0 + 3P1 molec-
ular bound state, the PAS laser forms molecules, which leads
to atom loss as the excited dimers quickly decay into ground
state molecules or free atoms with enough kinetic energy to
escape our shallow dipole trap. An example atomic loss fea-
ture for each of the resonances we measured in 84Sr and 64Sr
is shown in Fig. 1.
We fit the atomic loss features as a function of detuning
to extract the binding energy, Eb, of each resonance. Since
our thermal 86Sr samples have temperatures below the atomic
recoil temperature, TR ' 460 nK, Doppler and thermal shifts
cause broadening and shifts of the atomic line feature on the
order of several kHz. We account for these effects by using
the approach described in the appendix of [7], which is based
on the lineshape formalism of [37]. These thermal effects are
negligible in a BEC, so we extract the resonance position of
our 84Sr samples by fitting the photoassociation loss features
to a simple Lorentzian lineshape. We also take into account a
shift due to photon recoil of Erec/h = ~2k2las/4hm ' 2.5 kHz,
where klas is the wavenumber of the photoassociation laser and
m is the mass of a single strontium atom, for both BEC and
thermal samples. Each scan is repeated at least three times
and the results are averaged.
In order to assign uncertainties to the measured binding en-
ergies, we quantified a number of sources of error. Though
the long-term drift of our photoassociation laser is very small
(28 mHz/s), we also observe intermediate timescale drifts on
the order of tens of kHz over a few hours, likely due to tem-
perature fluctuations in the lab. In order to minimize errors
due to these drifts of the photoassociation laser, we calibrate
the absolute frequency by scanning over the atomic resonance
4before and after each scan of a photoassociation resonance.
The typical laser drift is ' 3 kHz during these scans, which is
similar to the typical statistical uncertainty associated with ex-
tracting the resonance position from the thermal lineshape or
Lorentzian fits (' 2 kHz). AC Stark shifts due to the ODT are
eliminated by turning off the 1064 nm trapping beams while
applying the PAS beam, as described in Sec. II.
We did not perform a systematic investigation into the mean
field shifts for our system. However, Stellmer et al. [2] mea-
sured mean field shifts for the 84Sr 0+u , ν = −3 transition to
be about 2.4(5) mHz/atom. For our BECs with atom number
≈ 105, this would correspond to shifts of about 250 Hz. We do
not observe any dependence of the binding energies on the in-
tensity of the PAS laser for the relatively low intensities used
in this work. We calculate AC Stark shifts due to the photoas-
sociation laser to be < 500 Hz. Taking all these error sources
into account, we estimate the uncertainty in our binding ener-
gies to be 10 kHz, which is dominated by laser drift and the
statistical uncertainties of our fits.
B. Results and Discussion
The measured photoassociation resonances are shown in
Table I. The measured binding energies of the three least
bound 0+u levels for both
86Sr and 84Sr are in agreement with
previous experimental measurements. However, we could not
reproduce the previously measured lines at −160 MHz (86Sr
1u ν = −1) [7], −1288 MHz (84Sr 0+u ν = −4), and −351 MHz
(84Sr 1u ν = −1) [2]. We cannot say with certainty that the
previous results were spurious, but we observe that given the
very small saturation intensity of the 1S0 → 3P1 atomic tran-
sition (Isat = 3 µW/cm2), a small amount of sideband noise
on the photoassociation laser that happens to be nearly reso-
nant with the atomic transition can cause losses that are eas-
ily confused as a photoassociation resonance. For instance,
our PAS beam originates from the −1 diffracted order of a
single-passed AOM operating at a frequency of ΩAOM. When
scanning the detuning of our PAS beam, we observe dips at
detunings of −ΩAOM and −2ΩAOM. We attribute the first dip
to a small amount of non-diffracted light from the AOM be-
ing collected by the optical fiber, which is then resonant with
the atomic transition at a detuning of −ΩAOM. We believe that
the second dip can similarly be attributed to the small back-
reflection of acoustic waves in the AOM crystal adding a small
component of light whose frequency is upshifted, instead of
downshifted, by the AOM and is therefore resonant with the
atomic transition at a detuning of −2ΩAOM. With the potential
for extremely small sidebands to cause significant atomic loss,
it can be difficult to identify and eliminate spurious signals.
By measuring multiple 0+u and 1u resonances for
86Sr and
84Sr, we can verify that the relative spacings are consistent
with expectations, giving us more confidence in our results.
In addition, our measurement of the 84Sr 0+u , ν = −4 line at−1143 MHz instead of −1288 MHz from Ref. [2] is in much
better agreement with the theoretical models of Ref. [7]. We
have measured new 86Sr and 84Sr resonances, extending to
binding energies of nearly −5 GHz. Next, we will extend the
theoretical approach of Ref. [7] in order to account for the
updated photoassociation spectrum.
IV. THEORETICAL MODEL
Using the experimental results from Sec. III, we can pro-
vide an updated mass-scaled model of photoassociation in Sr.
Ref. [7] created a mass-scaled model that reproduces the 0+u
series, and we extend this work to include the 1u series. How-
ever, our mass-scaled model does not include 84Sr. Ref. [7]
indicates that resonances in 84Sr are strongly perturbed by
the 1S0 + 1D2 1Σ+u state. Hence, a mass-scaled model for all
isotopes would require a careful fine-tuning of the perturb-
ing potential, and we do not include this perturbing state in
our model. Instead, we consider 84Sr as a special case, where
our model for this isotope only differs from our mass-scaled
model by the values of its quantum defect fitting parameters.
These models accurately reproduce all of the measured reso-
nance energies reported in Table I.
We construct our mass-scaled model using the notation of
Ref. [7]. The molecular Hamiltonian has the form,
H = T + Vint + Vrot. (1)
The first term T = −(~2/2µ)d2/dr2 is the kinetic energy oper-
ator, where µ = m/2 is the molecular reduced mass and r is the
internuclear separation. The second term Vint is the molecular
interaction potential, and Vrot is the rotational energy of the
molecule, including Coriolis couplings. We determine pho-
toassociation energies by numerically solving the Schro¨dinger
equation HΨ = EΨ, using the matrix DVR method [39] with
non-linear coordinate scaling.
Our model uses the Hund’s case (a) potentials V(3Πu, r)
and V(3Σ+u , r) from Ref. [28], and we use these potentials to
construct a three-channel model in Hund’s case (c) [7, 40],
Vint =

V(3Πu, r) −C3,0/r3 0 0
0 12
(
V(3Σ+u , r) +V(3Πu, r)
)
−C3,1/r3 12
(
V(3Σ+u , r) −V(3Πu, r)
)
0 12
(
V(3Σ+u , r) −V(3Πu, r)
)
1
2
(
V(3Σ+u , r) +V(3Πu, r)
)
+ ξ
 . (2)
All of these channels have J = 1 and S = 1, where J is the total angular momentum and S is the electronic spin angular
5TABLE I: Experimentally measured and numerically calculated photoassociation resonances for the bosonic isotopes of
strontium. The ν index counts the vibrational levels down from the dissociation limit. For 86Sr and 84Sr, we measured several
new resonances, confirmed some previous measurements, and corrected several lines observed by other experiments that are
likely to be spurious. Since the 88Sr binding energies are well known, we did not perform additional measurements on that
isotope and instead used the results of Ref. [5] to inform our mass-scaled model. The last five columns are based on the
numerical calculations described in Sec. IV. The mass-scaled model describes the resonances of 86Sr and 88Sr and a special
case of the same model with a different set of quantum defect parameters describes the resonances for 84Sr. The seventh column
shows the error δ = Eth/h − Eexp/h between each theoretical energy and the corresponding measurement. The last three
columns give the projections of the eigenstates onto each channel, labeled by P(Ja,Ω). The symmetry label assigned in the
second column is based upon the largest of these projections for each line. Due to the proximity of the 86Sr lines at −4624 MHz
and −4467 MHz, there is significant Coriolis mixing between these two states.
Binding Energy Eb/h (MHz)
Isotope Symmetry ν Expt. (this work) Expt. [5] Theory (this work) δ (MHz) P(1,0) P(1,1) P(2,1)
88Sr 0+u −1 −0.435(37) −0.406 0.029 0.917 0.083 0.000
0+u −2 −23.932(33) −23.871 0.061 0.988 0.011 0.000
0+u −3 −222.161(35) −222.104 0.057 0.995 0.005 0.000
0+u −4 −1084.093(33) −1083.862 0.231 0.996 0.004 0.000
0+u −5 −3463.280(33) −3463.064 0.216 0.992 0.008 0.000
0+u −6 −8429.650(42) −8429.805 −0.155 0.840 0.159 0.000
1u −1 −353.236(35) −353.682 −0.446 0.005 0.995 0.000
1u −2 −2683.722(32) −2684.181 −0.459 0.008 0.991 0.001
1u −3 −8200.163(39) −8200.222 −0.059 0.160 0.838 0.002
Isotope Symmetry ν Expt. (this work) Expt. [7] Theory (this work) δ (MHz) P(1,0) P(1,1) P(2,1)
86Sr 0+u −1 −1.625(10) −1.633(10) −1.560 0.065 0.949 0.051 0.000
0+u −2 −44.233(10) −44.246(10) −44.141 0.092 0.992 0.008 0.000
0+u −3 −348.729(10) −348.742(10) −348.798 −0.069 0.994 0.006 0.000
0+u −4 −1527.645(10) −1527.934 −0.289 0.989 0.011 0.000
0+u −5 −4466.572(10) −4467.018 −0.446 0.650 0.349 0.001
0+u −6 −10448.722 0.996 0.004 0.000
1u −1 −1003.449(10) −159.984(50) −1003.194 0.255 0.011 0.988 0.001
1u −2 −4624.155(10) −4623.268 0.887 0.350 0.649 0.001
1u −3 −11979.275 0.004 0.993 0.003
Isotope Symmetry ν Expt. (this work) Expt. [2] Theory (this work) δ (MHz) P(1,0) P(1,1) P(2,1)
84Sr 0+u −1 −0.338(10) −0.32(1) −0.257 0.081 0.902 0.098 0.000
0+u −2 −23.050(10) −23.01(1) −22.983 0.067 0.987 0.013 0.000
0+u −3 −228.406(10) −228.38(1) −228.827 −0.421 0.984 0.016 0.000
0+u −4 −1143.161(10) −1288.29(1) −1143.539 −0.378 0.998 0.002 0.000
0+u −5 −3692.645(10) −3692.448 0.197 0.999 0.001 0.000
0+u −6 −9000.576 0.999 0.001 0.000
1u −1 −152.193(10) −351.45(2) −152.421 −0.228 0.015 0.984 0.000
1u −2 −2046.703(10) −2046.640 0.063 0.001 0.997 0.001
1u −3 −7058.199 0.002 0.996 0.002
momentum. Each channel is associated with a different value
of (Ja,Ω), where Ja is the total electronic angular momentum
and Ω is the projection of Ja onto the internuclear axis. The
channel order is (Ja,Ω) = (1, 0), (1,1), and (2,1). The coef-
ficients C3,0 = 0.0152356615 Eha30 and C3,1 = −C3,0/2 rep-
resent the resonant dipole interaction for the (1,0) and (1,1)
channels, respectively [7], and Eh = 4.36 × 10−18 J. The pa-
rameter ξ = hc(387.358 cm−1) is the atomic spin-orbit con-
stant [41], and the rotational energy is,
Vrot =
~2
2µr2
 4 −2
√
2 0
−2√2 2 0
0 0 6
 . (3)
Ref. [7] uses only the first two channels of this model,
which we refer to as the two-channel model. Fig. 2 shows
the adiabatic potentials, V = Vint + Vrot, for both the two-
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FIG. 2: (Color online) The adiabatic potentials of the
two-channel model (dashed curves) and the three-channel
model (solid curves) relative to the 1S0 + 3P1 limit. The
adiabatic 1u potential (black) is much deeper in the
three-channel model. The adiabatic 0+u potential (blue) is
nearly the same in both models, and the two curves are
indistinguishable on this scale. The third adiabatic potential
(red), associated with the (Ja = 2, Ω = 1) channel,
dissociates to the 1S0 + 3P2 limit and is shifted up by the
spin-orbit constant ξ.
channel model and the full, three-channel model. In the two-
channel model, the adiabatic 1u potential is unphysically shal-
low (min [V/hc] ≈ 3500 cm−1) and does not support enough
bound states to produce the correct mass-scaling behavior.
Adding the third channel creates a drastic increase in the depth
of the adiabatic 1u potential. Including this channel ensures
that the adiabatic 1u potential closely resemble the 3Σ+u poten-
tial at short range, with a depth of approximately 6500 cm−1.
This three-channel model will be our starting point to achieve
an accurate mass-scaling of the 1u series.
The starting point for our fitting process are the potential
parameters from Ref. [7] that were generated using the two
channel model. Adding the third channel shifts the resonance
spectrum of both the 0+u and the 1u series. To correct for this
shift, we fit our three-channel, mass-scaled model to the mea-
sured resonance energies for 86Sr (this work) and 88Sr reported
in Table I. We perform this fit by adjusting the quantum defect
parameters α(3Σ+u ) and α(
3Πu) of the Hund’s case (a) poten-
tials (as defined in Ref. [7]) to minimize the rms error between
the energies produced by our theoretical model Eth and the ex-
perimentally measured energies Eexp. We define the rms error
to be,
δrms =
1
h
√√
1
N
N∑
i=1
(
Ethi − Eexpi
)2
, (4)
where N is the number of measured resonances included in
the fit.
In order to improve the accuracy of our model to δrms <
1 MHz, we find it necessary to modify the shape of our po-
tential at long range. Table I includes energies as deep as
≈ −5 GHz, and we find that the deeper energies show larger
discrepancies between theory and experiment, which is con-
sistent with Ref. [7]. The long-range behavior is determined
by the C6 and C8 dispersion coefficients, which are included
in the definitions of V(3Πu, r) and V(3Σ+u , r) [7]. We are
able to reduce δrms by refitting the value of C8, while keep-
ing C6 constant. This procedure modifies the shape of the
long-range potential at shorter range, where the resonance en-
ergies become deeper, without changing the spacing between
the most weakly bound levels. We find it sufficient to only
change the value of C8 for the 3Σ+u state, which primarily af-
fects the shape of the adiabatic 1u potential. Our fit mini-
mizes the value of δrms as a function of the three parame-
ters C8(3Σ+u ), α(
3Σ+u ), and α(
3Πu). Their optimal values are
C8(3Σ+u ) = 2.0237129 × 106 Eha80, α(3Σ+u ) = 0.064074850,
and α(3Πu) = 1.973579586, with δrms = 0.326 MHz.
We report the results of our mass-scaled model in Table I.
The symmetry assignments in Table I are based on which
channel has the largest projection for each state. Our model
shows that the 86Sr resonances at −4624 and −4467 MHz have
significant Coriolis mixing due to their proximity. Likewise,
we use this optimal value of C8(3Σ+u ) in our isotope-specific
model of 84Sr. In this case, we determine the optimal values of
the quantum defect parameters to be α(3Σ+u ) = 0.064074227
and α(3Πu) = 1.975561082 with δrms = 0.247 MHz, and we
report the results for 84Sr in Table I as well.
Combining the results for all three isotopes produces δrms =
0.304 MHz. This error is larger than the experimental uncer-
tainties but is comparable to the error in the isotope-specific
models of Ref. [7]. This level of accuracy can aid future ex-
perimental measurements of photoassociation resonances in
Sr, including resonance energies as deep as approximately
−5 GHz and those found in other isotopes, like 87Sr. The in-
ability of the theoretical results to more closely approach the
experimental error bars is likely due to fine details of the true
molecular potentials that are not captured by the model.
V. MEASURING OPTICAL LENGTHS
Having mapped out additional lines, we explore whether
the prominent 84Sr lines could be useful as OFRs by measur-
ing their optical lengths.
A. Isolated Resonance Theory
The isolated resonance model [20] is a good description of
the behavior of optical Feshbach resonances as long as the
detuning is small compared to the distance between the res-
onance and adjacent bound states [21, 25]. In this model
[21, 24, 42], the scattering length is given by a = abg + aopt
where the background value, abg, is modified by
aopt =
`optΓmol∆
∆2 + (ηΓmol)2/4
, (5)
7and the two-body loss rate K2 is given by
K2 =
4pi~
µαdeg
ηΓ2mol`opt
∆2 + (ηΓmol + Γstim)2/4
. (6)
In these equations Γmol, the molecular linewidth, is twice
the atomic linewidth or Γmol = 2pi × 15 kHz. The pa-
rameter η ≥ 1 is phenomenological and accounts for ex-
tra broadening typically measured in photoassociation exper-
iments [5, 7, 23, 25, 26, 43] and the PAS laser detuning with
respect to the photoassociation resonance is given by ∆. Here,
the stimulated linewidth is given by Γstim = 2k`optΓmol where
k is the wavenumber for the BEC or thermal sample. For a
BEC, k =
√
21/8/(2RTF), where RTF is the Thomas-Fermi ra-
dius [26]. For a thermal gas, k =
√
2µE/~, where E is the
kinetic energy of the colliding atoms. The factor αdeg = 2 (1)
for BEC (thermal) samples accounts for the reduction of the
inelastic scattering of a BEC compared to that of a thermal gas
[1, 37, 44]. Finally, `opt, is a parameter known as the optical
length.
From these equations, we see that the optical length is an
important parameter to describe the effects of an OFR. The
maximum change in scattering length is aopt = ±`opt when
∆ = ±Γmol/2 (and assuming η = 1). The optical length is a
measure of the coupling between the ground, scattering state
and the excited, bound state and is defined as
`opt =
λ3
16pic
fFC
k
frotI, (7)
where λ = 689.45 nm is the wavelength of the atomic tran-
sition, the rotational factor frot = 1 for 0+u resonances and
frot = 2 for 1u resonances, I is the intensity of the PAS laser,
and fFC is the free-bound Franck-Condon factor per unit en-
ergy [21]. The Franck-Condon factor is a measure of the over-
lap between the ground and excited molecular wavefunctions
and is defined as
fFC =
∣∣∣∣∣ ∫ ∞
0
φe(r)φg(E, r)dr
∣∣∣∣∣2, (8)
where φe(r) is the excited bound molecular state wavefunction
and φg(E, r) is the energy-normalized ground state scattering
wavefunction. The energy-normalized wavefunction has the
long-range form of
φg(E, r)
r→∞−−−→
√
2µ
pi~2k
sin[k(r − abg)] (9)
for s-wave collisions at low energies [24, 42]. Note that
fFC ∝ k for small k [21], so `opt is independent of temperature.
The optical length is directly proportional to the photoassocia-
tion laser intensity, so the quantity `opt/I is a constant param-
eter for each resonance. We have measured the `opt/I and η
broadening factors for the 84Sr 0+u states in order to character-
ize their properties.
B. Method and Results
The `opt/I and η parameters for the 84Sr 0+u resonances are
measured with a procedure similar to that used in Ref. [43].
We performed photoassociation spectroscopy of four 84Sr res-
onances using the method described in Sec. II for five differ-
ent laser intensities. The measurements were performed in
a nearly pure BEC. At each intensity, we repeated the scan
across the photoassociation resonance 4 to 6 times and aver-
aged the results.
The photoassociation loss is modeled as n˙(r) = −K2n(r)2
where n(r) is the position-dependent atomic density. For
a BEC in the Thomas-Fermi approximation, the total atom
number changes according to [45]
d
dt
ln N = −C2K2N2/5, (10)
where
C2 =
152/5
14pi
 mω¯
~a1/2bg
6/5 , (11)
and ω¯ is the geometric mean of the harmonic trap frequencies.
The analytic solution to Eq. (10) is
N(τPAS) =
N0(
1 + 25τPASN
2/5
0 C2K2
)5/2 , (12)
with initial atom number N0 and total PAS laser pulse time
τPAS [43]. By combining Eqs. (12), (11), and (6), we can fit
the loss features to extract `opt and η for each resonance and
intensity. Since Γstim  Γmol for the intensities used here,
we ignore Γstim in the denominator of Eq. (6). We confirmed
that atom losses due to other processes, such as one-body
loss from collisions with background gas molecules or far off-
resonant scattering from the atomic transition, are negligible
for the parameters used in this study.
The extracted optical lengths and broadening factors for
four 84Sr 0+u resonances are shown in Fig. 3. Due to its prox-
imity to the atomic transition, we did not attempt to measure
the 0+u , ν = −1 optical length. For each resonance, `opt/I is ex-
tracted from the slopes in the left plots and η is extracted from
the weighted average of points in the right plots. We consider
systematic error sources such as uncertainties in the dipole
trap frequencies, atomic scattering length, measured laser in-
tensity, and measured laser beam size. These contributions are
added in quadrature with the estimated standard deviation in
the fitting parameters to arrive at the total error. The largest er-
ror source is the statistical uncertainty, followed by systematic
uncertainty in measuring the laser intensity.
We calculated theoretical `opt/I values to compare to the
measured values, as reported in Table II. The theory values
are based on numerical calculations of the ground and excited
molecular wavefunctions. For the ground state scattering po-
tential we used a Lennard-Jones potential of the form
V(r) =
C12
r12
− C6
r6
− C8
r8
− C10
r10
. (13)
The long-range C6, C8, and C10 coefficients are taken from
[11] and the repulsive C12 [42] term was chosen to repro-
duce the 84Sr experimentally determined scattering length
8TABLE II: Measured 84Sr optical lengths and broadening
factors for four 0+u resonances. The `opt/I measurements
agree with a numerical estimate to better than 50 %.
ν Eb/h (MHz) η `opt/I (a0(W/cm2)−1)
Expt. Theory
−2 −23.050(10) 1.50(8) 510(61) 275
−3 −228.406(10) 1.42(12) 228(42) 149
−4 −1143.161(10) 1.62(9) 0.95(12) 0.95
−5 −3692.645(10) 2.31(15) 3.16(52) 3.8
(abg = 123 a0 [8]) and potential depth (' 1081.6 cm−1 [11]).
We used the Numerov method to numerically integrate the
Schro¨dinger equation with this potential and normalized the
resulting wavefunction by matching its long-range behavior
to the energy-normalized form of Eq. (9) using the methods
described in Ref. [46]. The excited-state molecular wavefunc-
tions are generated by the calculations described in Sec. IV.
The measured and calculated optical lengths match to better
than 50 %. The disagreement could be due to systematic er-
rors in the photoassociation atomic loss rate, photoassociation
laser intensity and/or theoretical model.
Measurements and calculations confirm that the line
strength for the 84Sr, ν = −2 resonance is suppressed with re-
spect to the resonances in 86Sr and 88Sr with the same index,
for which `opt/I ≈ 104 a0(W/cm2)−1 [7, 25]. This is because
in 84Sr, the Condon point for this resonance (Rc ' 150 a0)
is close to the background scattering length 123 a0 and there-
fore a node in the scattering wavefunction [47, 48]. The op-
tical lengths of the ν = −4 and −5 resonances are also sup-
pressed by nodes in the ground state scattering wavefunction
near the classical turning points. Contrary to the typical trend,
the ν = −4 state has a smaller `opt/I than the ν = −5 state,
which is also reproduced by the numerical calculation.
We observe that the η broadening factors are independent
of laser intensity, which matches the behavior from a similar
measurement in 174Yb [43]. The source of η is not clear. There
could be some contribution to the broadening from system-
atic sources such as laser frequency drift and magnetic field
noise. Another potential broadening source is Doppler broad-
ening due to BEC excitations from the dipole trap modulation
discussed in Sec. II. Though the dipole traps are modulated
with a frequency ( fmod = 2 kHz) much faster than the largest
harmonic trapping frequency ( ftrap ≈ 140 Hz), they will still
create some motional excitations in the BEC. To estimate the
magnitude of this effect, we calculated the average atomic ve-
locity using the approach of Ref. [49] and determined the typ-
ical Doppler broadening to be ≤ 1 kHz. The residual broaden-
ing is likely due to additional molecular loss processes, sim-
ilar to those that have been measured in other experiments
[5, 7, 23, 25, 26, 43], but lack a theoretical explanation.
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FIG. 3: (Color online) Optical lengths and η broadening
factors for the 84Sr 0+u , ν = −2 to ν = −5 resonances extracted
by fitting experimental data to Eq. (12). Solid lines indicate
linear fits whose slope give the reported values for `opt/I.
Dashed lines indicate the weighted average values of η for
each resonance. Error bars include both systematic and
statistical sources as described in Sec. V B.
VI. CONCLUSIONS
In conclusion, we have measured seven photoassociation
resonances relative to the 1S0 + 3P1 dissociation limit for 86Sr
and 84Sr. In addition to confirming several previously mea-
sured lines, we also found several new molecular states and
updated the measurement of three lines from previous studies.
Using this improved binding energy spectrum, we have de-
veloped a theoretical mass-scaled model that reproduces the
experimental results to within 1 MHz. Our results are consis-
tent with the observation from [7] that the 84Sr 0+u spectrum is
strongly perturbed by the 1S0 + 1D2 0+u (
1Σ+u ) potential. This
improved theoretical treatment of the strontium bound states
will aid future efforts to produce ground state molecules or
use these lines as OFRs.
In addition, these results may inform future photoassoci-
ation experiments with the fermionic isotope of strontium,
87Sr. As shown in a similar study of 173Yb, resonances cor-
responding to different total angular momentum are likely to
be individually resolved [50]. Therefore, it may be possible
9to engineer spin-state dependent optical Feshbach resonances.
Such a tool may be useful in quantum simulation schemes as
a method of controllably breaking the SU(N) symmetry of the
system.
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